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Abstract 

As it was recently shown, the colour singlet BFKL kernel, taken in Mobius repre- 
sentation in the space of impact parameters, can be written in quasi-conformal shape, 
which is unbelievably simple compared with the conventional form of the BFKL kernel in 
momentum space. It was also proved that the total kernel is completely defined by its 
Mobius representation. In this paper we calculated the difference between standard and 
quasi-conformal BFKL kernels in momentum space and discovered that it is rather simple. 
Therefore we come to the conclusion that the simplicity of the quasi-conformal kernel is 
caused mainly by using the impact parameter space. 
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1 Introduction 



The BFKL (Balitsky-Fadin-Kuraev-Lipatov) approach pQ was formulated in the momentum 
space. In this space the kernel of the BFKL equation was calculated in the next-to-leading 
order (NLO) long ago, at first for the forward scattering (i.e. for t = and colour singlet in the 
t-channel) [2] and then for any fixed (not growing with energy) squared momentum transfer t 
and any possible two-gluon colour state in the t-channel [3]. Unfortunately, the NLO kernel is 
rather complicated. In particular, the colour singlet kernel for t ^ is found in the NLO in the 
form of an intricate two-dimensional integral. 

In the most interesting for phenomenological applications case of colourless particle scatter- 
ing, the leading-order (LO) BFKL kernel has a remarkable property p[]: it can be taken in the 
Mobius representation (i.e. in the space of functions vanishing at coinciding transverse coordi- 
nates of Reggeons), where it turns out to be invariant in regard to conformal transformations 
of these coordinates. Moreover, in the coordinate space the Mobius representation (we will call 
it "Mobius form") of the LO BFKL kernel coincides [5] with the kernel of the colour dipole 
model 

In the NLO the conformal invariance is violated in QCD by the running coupling. One 
could hope that the Mobius form of the colour singlet NLO kernel is quasi-conformal, i.e. 
conformal invariance is violated only by terms proportional to the /3-function. However, the 
direct transformation of the colour singlet kernel found in Ref. [3] from momentum to coordinate 
space with the restriction of Mobius representation gives a kernel which is not quasi-conformal [3, 
8, 9j. But in the NLO kernel there is an ambiguity [5], EE], analogous to the well known ambiguity 
of the NLO anomalous dimensions, because it is possible to redistribute radiative corrections 
between the kernel and the impact factors. The ambiguity, discussed in details in Ref. [TT] . 
permits to make transformations 

t^t-a s [t {B \U] (1) 

conserving the LO kernel /C^ (which is fixed in our case by the requirement of conformal 
invariance of its Mobius form) and changing the NLO part of the kernel. Note that this trans- 
formation must conserve the gauge invariance properties of the kernel, so that the operator U 
must have in this respect the same properties as 10- B \ 

The NLO kernel calculated in Ref. [3] is defined according to the prescriptions given in 
Ref. [12]. We will call it the "standard kernel". Recently it was shown [T3] that there exist 
an operator U such that the transformation (TjQ) applied to this standard kernel gives a kernel 
with quasi-conformal Mobius form, which agrees with the form obtained in Ref. [H] in the 
colour dipole approach. It turns out that this form is quite simple. It is unbelievably simple in 
comparison with the form of the standard kernel [3j. Evidently, the question arose about the 
relation between these two forms. 
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This question is not trivial not only because the Mobius form is defined in the coordinate 
space, whereas the standard kernel was calculated in the momentum space. Remind that the 
Mobius representation is defined on a special class of functions. Therefore at the first sight it 
seemed impossible to reconstruct the complete operator from its Mobius form. However, due to 
the gauge invariance of the BFKL kernel, it is not so. It was shown [15] for any gauge invariant 
two-particle operator that it is possible to restore the complete operator from its Mobius form 
and the restoration is unique up to terms which do not contribute to the operator matrix 
elements, because of symmetry and gauge invariance of the wave functions. 

Therefore, it is in principle possible to restore the complete BFKL kernel from its quasi- 
conformal Mobius form. Since this form is quite simple, one can hope for simplicity of the 
complete kernel in the momentum space too. Evidently this kernel differs from the standard 
kernel found in Ref. [3J, but is connected with the last one by the transformation ([T]). However, 
the direct restoration is not easy. It includes the Fourier transformation of the Mobius form from 
coordinate to momentum space and, although this form is very compact, the transformation is 
intricate since it contains complicated integrals. 

Instead, one can try to find the difference between the standard kernel and the one restored 
from the quasi-conformal Mobius form. Our paper is devoted to the solution of this problem. 
The difference under investigation is given by the second term in the transformation ([I]). For 
the operator U, both Mobius form and complete representation in the momentum space are 
known now [15J. The same is true for K,( B \ We are looking for the difference in the momentum 
space. It can be found using for the calculation of the commutator in the transformation ([1]) 
both U and /O^ in this space. Alternatively, it is possible to calculate the commutator in the 
coordinate Mobius space and then to restore its complete form in the momentum space using 
the method developed in Ref. [15J. We use both these ways, on one side for cross-checking the 
obtained result, on the other for a demonstration of the efficiency of the method of restoration 
of complete operators from their Mobius forms, developed in Ref. |15j . 

The paper is organized as follows. In the next Section we calculate the commutator in the 
transformation ([I]) directly in the momentum space. In Section 3 this commutator is calculated 
firstly in the coordinate Mobius space and then the obtained result is used for restoration of 
the complete form of the commutator in the momentum space. The last Section contains our 
conclusions. The integrals used in the calculations are presented in the Appendix. 

2 Direct calculation of the difference in momentum space 

We adopt the notation used in Ref. [15] and put the space-time dimension D equal to 4, so that 
states \q) with definite two-dimensional transverse Reggeon momentum q and states \r) with 
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definite Reggeon impact parameter r are normalized as follows: 

iqf 

(q\q')=5(q-q'), (r\f') = 5(f-f'), (rjg) = — . (2) 

As it was shown in Ref. [13J . the quasi-conformal kernel JC® C can be obtained from the kernel 
calculated in Ref. [3] by the transformation (JT]), namely, 

t QC = t - a s [K, {B \U] . (3) 

It is worthwhile to note here that the kernel /C is defined in such a way that in the LO its 
Mobius form is conformal invariant. Therefore one has (see Ref. [12] for details) 

(ft, <?2|£|<fi\ <f 2 ') = + 92 - 9i' - ql)^^2 K {vi, Qi, 0) , ( 4 ) 

<?1 <?2 

where q = q\ + q2 = q( + q% and i*C(<fi, <f/; q) is the symmetric kernel 

K(qi, qi; q) = K(q(, q\; q) , (5) 

defined in Ref. [12] and calculated in Ref. [3]. Its real part K r satisfies the gauge invariance 
conditions 

K r (0, q(; q) = K r (q\, 6;q) = K r (q, q{; q) = K r (q\, q; q) . (6) 

Our goal is to find in the momentum space an explicit form for the commutator in Eq. ([3]). In 
this Section it is done using the known expressions in this space for the LO kernel /O^ and the 
operator U. 

The kernel /O^ can be presented as follows 



(qi, m {B) \q{, = S(q lv + fa)^ [Rtfi, k) - S{k) J dUVfa, g 2 ; I) 
where k = qiy = —qii' (here and below dif = di — aL dij = di — dj, di>j> = a- — a 



(7) 



and 



R(qi, qi\ k) — - 2- — - + 2- — - - 2 ^ 9 ^ 9 

k 2 k 2 q 2 k 2 q 2 q 2 q 2 



I 2 l 2 {l-qi) 2 l 2 {l-q 2 ) 2 
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Note that the term 2/1 2 in V(qi,q 2 ;l) leads to the divergence of the integral over dl in the 
second term of Eq. ([7]), which represents the virtual part of the kernel. It is a well known 
infrared divergence which cancels with the divergence coming from the term 2/k 2 in the part 
with R(qi,q 2 ;k) in Eq. (J7J (real part), when KS B ^ acts on some state. In the commutator 
\KS B \ U) there are no problems with these divergences at all, because they cancel separately in 
the virtual and real parts. 

The gauge invariance properties for R look as follows: 

R(qi, Q2] qi) = R(qi, q\\ -<&) = 0, 

{q?q?R{qi, fc))|ft=o = (?iV 2 2 #(<fi, & ^))l«f 2 =o = . (10) 

An explicit form of the operator U in the momentum space was found in Ref . [T5] . Omitting 
terms which do not contribute to the commutator in Eq. (j3J), we have 

(q\, q 2 \a s U\q{, q 2 ) = 6{q n > + q22')-^Ru(qi, k) 

- ^ In (q 2 q 2 2 ) 8{q lv )8{q 22 >) , (11) 
where /3q is the first coefficient of the Gell-Mann-Low function, 

A> = ^N c - ~n, (12) 
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and 



R u {qi,q 2 ] k) = In -=— ■ + ^ In -=— - + In 



?i \k 2 q 2 J q 2 \k 2 q 2 ) k 2 \ 9i V 

- 2 J^lnfCl+2^1nfCl-2|%lnfCl . (13) 
A; 2 ^ 2 U 2 / & 2 <? 2 2 U 2 / <?iV U 2 / 

Note that R u has the same gauge invariance properties as R: 

R u (qi, <? 2 ; q\) = R u {qi, 92; = 0, 

(qxq 2 2 R u (qi, g 2 ; fc))|ft=o = (fiQiRutfi, q\\ £))|&=o = • (14) 

Indeed, these properties are required to conserve the gauge invariance in the transformation (JTJ). 

Another important property of i? u is the absence of either infrared, or ultraviolet non- 
integrable singularities, thus leading to convergence of the integral 

/2\ /^*/2~ 



/^^^-^-4R(gl-4?2 + ^4) = -ln(^Jlnf^) . (15) 
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The calculation of this integral and of the integrals appearing below is described in the Appendix. 
The result ( 115)) follows from ( lA.ip and (1A.4J) with a subsequent elementary integration over 
Having Eqs. (J7|) and ( II ip . it is quite straightforward to write the commutator K,( B \U 
the form 



(q\, q 2 \ot s JC {B) , U \q{, q 2 ) = 5(qii> + 922' 



a 2 N 2 



111 



/■ dl -> -> -> -> 

+ j — {yiML & - g*2; 0) 92; fc) + 92; fe) 



where 



F(qi,q 2 ;k) 



7T 



5{k-ki- k 2 )F{qi, q 2 ; h, k 2 ) , F{qi,q 2 ] h, k 2 ) 



(16) 



= <f 2 ; k^Ruiqt -ki,q 2 + h; k 2 ) - Ru(q\, q 2 ; h)R(q\ - h,q 2 + h; k 2 ) . (17) 

The infrared divergent pieces in the virtual parts entering the integral over dl in Eq. ( TT6l) cancel, 
and one can easily obtain (see (1A.5I) ) 



/ f (V{q{, & f) - V{q x , q 2 ; I)) = In 



' q{ 2 q{ T 

. qH 2 , 



;is) 



Unfortunately, the calculation of F(q\,q 2 ; k) is not so easy, both because of the presence of a 
great number of terms in J-(qi, q 2 ; hi, k 2 ) and of the complexity of the integration. One of the 
reasons of this complexity is the singularity of R(q\, q 2 \ k) at k 2 = 0. Of course, this singularity 
disappears in F(qi,q 2 ; k), Eq. (JT7J). To make this evident, let us write 



R{Qi, 92; k) = T - + R f (q u q 2 ; k), R f (q u q 2 ; k) = -2^— + 2^— - 2^^ , 
k k 2 q 1 z k l q 2 l <7i q 2 



(19) 



— * 

and divide F(qi,q 2 ; k), Eq. ( 117]) . into three pieces: 



F(Qi, 9*2; k) = J2 F ^ 92; k), 



i=i 



(20) 



where 



Fi(qi,q 2 ,k) 



dki 



71 



— * — * 

Rf{qi, h)R u {qi - h, q 2 + h; k - ki] 



(21) 
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— * f dk^ — * — * 
F 2 (q\, <f 2 ; k) = - Ru(qi,Q2] fci)#/(<?i - fa, & + fa;k- fa) , (22) 

J 71 

F 3 (q\, q 2 ;k) = [ — S- (R u (qi - fa, q 2 + fa;k - fa) - R u {qi, q 2 ; k - fa)) . (23) 
J 7T k{ K ' 

Now all the three pieces have no infrared singularities, the first two of them because of the 
absence of singularities in the integrands, and the last one because of the evident cancellation 
between the two terms with R u in Eq. ( |23i) at fa = 0. The integration of the first piece can be 
performed with the help of Eqs. (|T5l) . (1A.8j) . (1A.9j) and (lA.lOj) and gives 



fox*] _ fox^] \ % 2 M S 



, M. x g 2 ][g/ x q{\ 

+ 2 ki&i + 9i -?a • (24) 

yi <? 2 

Here 

T f 1 dx ( p 2 \ 

*** = Jo (p + ^ J (25) 

is the di-logarithmic function with high symmetry, 

Ip,q I—p,—q Iq,p Ip,—p~q ■ (26) 

The representation exhibiting these properties [16] is 

j f 1 f 1 f 1 dx x dx 2 dx 3 5(l - xi - x 2 - x 3 ) ^ 

p ' q Jo Jo Jo (p 2 Xi + q 2 x 2 + (p + q) 2 x 3 )(xix 2 + XiX 3 + x 2 x 3 ) 

Other useful representations are 

r 1 dx ^ fa(l — x)+bx\ 

p ' 9 Jo a(l — x) + bx — cx(l — x) \ cx(l — x) ) 

dx / dz r j— - — r , (28) 

Jo cx{± — x)z + (o(l — x) + ax){l — z) 

2 U _ -2 „ _ (=* i ^2 



where a = p , 6 = g , c = (p + q) 
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Note that F\ must turn into zero at q[ = or g* 2 ' = due to the gauge invariance of R u . It 
is easy to see from Eq. (T21"j) that this property is fulfilled. 

Unfortunately, neither F2 nor F3 possess such property. Moreover, the separation fl20]) 
destroys the good behaviour of R(qi,q2] k) in the ultraviolet region, so that the integrals (|22|) 
and (T23j) diverge at large fc 2 and we have to introduce an ultraviolet cut-off A 2 for them. The 
loss of gauge invariance and ultraviolet convergence of the integrals makes them more complex. 
Using f[0|) - frA~T4|) we obtain 



<fi 2 V \<? 2 / \Vi 6 V2% 2 ) \k 2 J \k 2 qpJJ qi% 2 

+# - (S) ln (IS) + 4 ( W - - W) » * 

+ + ^ I ( K x - [«f x ffl/ f , f , ) + fi « -fi . (29) 

The result for -F 3 (gi, q 2 ] k) can be obtained using Eqs. (1A.8I) . (1A.13j) -( fA.16j) and reads 

,3(fi,fi;^l(,(g),(||)- 21 n(f) ln (f))-|| 

>"-:?)-^(?)-(S)-(s + -(?)-(s: 



-4-^- In [ — I ln (^-1 - - In 2 ^ 



+ 2%^fl f 2[gi x k]I % - [# x + -56 • (30) 

From the Eq. fl2DD and the definitions it follows 



l-(S)-(Sf) + S-(S) h ? 
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Wi x &] , 2 (gi x fc] 



?1 



2 fc 2 



[qi x g&]ifc,$ - [g/ x qZlIftjA +qi^ -q 2 ■ 



(31) 



The definition (|T7j) and the properties ffTUl) and (fT4l) of i? and _R U , respectively, secure the gauge 
invariance of F: 

F(qi, ?i) = ^(<fi, <f 2 ; -<f 2 ) = o, 
(?iV 2 2 ^(?i,?2;(fi))|gi=o = (q?q2 F (qi,q2]qi))\q2=o = o . 

The fulfilment of these properties can be easily seen from Eq. (|31[) . 
Finally, Eq. (JTBJ) together with Eqs. (fT3"]l . (jlgj) and (1511) gives 



(32) 



(gi,ft|a,[iC (fl) ,£7]|g 1 / ,^ ! / ) = 5(gn' + <f 22 ') 



8tt 3 



2iV, 



R(qi,q 2 ;k) in 



, <fi 2 <? 2 2 , 



+ ^ln 



2^/2 



In 



a' 2 
+ ^ln 



2^/2 



q 2 k 2 J q 2 k 2 \qiqi 



In 



Vi 2 gT 

2^2 



<f 2 A; 
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Wi x <f 2 ] + [gi x k] + [<f 2 x fc] 



<fiV 2 2 ' g^ 2 ' <f 2 2 fc 2 



([?i x - [q{ x g 2 ']J, 



(33) 



3 Use of Mobius space 



Since the result ( 1331 was derived by means of lengthy and intricate calculations, we want to 
obtain it in a quite independent way, starting from the Mobius forms of the kernel /O^ and 
of the operator U, calculating their commutator and restoring the complete commutator (J33]) 
in the momentum space from its Mobius form. Simultaneously, the efficiency of the method 
of restoration developed in Ref. [15] will be demonstrated. Here this alternative derivation is 
illustrated. 

As it is known [5], the Mobius form of the kernel K,^ coincides with the kernel of the colour 
dipole model [6] and can be written as 



a s N c 
2tt 2 



dr g(ri,f 2 ,r ) 



x 



S(f 1 v)5(f 2 'o) + 5{r V0 )8(r 2 2') - S(f iv )5(r 22/ 



(34) 



8 



where 



g{ri,f 2 ,f ) = </(r 2 ,Fi,f ) 



12 



2^*2 - 



(35) 
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The Mobius form of the operator U was found in Ref. [15]. Omitting the term with K,^ B \ which 
does not contribute to the commutator in ([3D, one has 



(rif 2 \a s U M \r(f2) 



+ -V3(ri,f 2 ,r{,r 2/ 

71 



a s N c 
4vr 2 



6(fiv)Vi(fx,f 2 , r 2 ) + S(f 2 2')Vi(f 2 , n, r{) 



1 1 

72 z?2 





^11') j^T 




8tt 2 


\ ' 22' 





11' 



21' 



where 



^i(fi,f 2 ,f 2 ) 



12 



jvi* 2 2 
' 12'' 22' 



111 



12 



22' 



+ 



In 



22' 



22' 



12' 



^ (n, f 2 , f/, r 2 ) = V 3 (f 2 , n, r 2 , f/) 



^1'2' 



2fu/f 22 / fn/ri2' r 2 i/f 22 ' 



* 2 ™* 2 
11'' 22' 



iy? 2 ™* 2 

'11'' 12' 



iyt* 2 /Ct* 2 

'21' '22' 



(36) 

(37) 
(38) 



The treatment of the term with /3o in U can be performed quite easily in the momentum space 
(see Eq. ffTB"]) ). so that in the following we will omit this term, denoting the remaining part of 
U as II s . With the notation (I34 p - (|38p the Mobius form for the commutator [K,^ B \U S ] can be 
presented as 



(m\a s [}c {B \u s ] M \f;^) 



5{r iv ) J(fx, r 2 , r 2 ) + -F(f l7 r 2 , f{, f 2 ') 

71 



-I{r x ,r 2 ,rl,rl) 

71 



1 ^ 2 



(39) 



where 1 -H- 2 means the substitution r*i -H- r* 2 , r/ -H- r 2 . The first two terms in the square 
brackets in Eq. (|39|) come from the term with Vi(ri, r 2 , r 2 ) in Eq. (1361) and are written as 



J(fi, r 2 , r 2 ) = / — [g(f u f 2 , r )Vi(fi, f , f 2 ) - \4(n, f 2 , rb)^(n, f , f 2 ) 
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{g{n,f 2 , r ) - </(fi, f 2 , fo))^^, r 2 , r 2 )] 



(40) 



and 



F(ri, f 2 , r{, f 2 ) = g>(r 2 , r*i, f()Vi (f{, r 2 , f 2 ) - V x (ri, f 2 , r^gif^ n, r/) . (41) 
The last term in the square brackets in Eq. (1391) related with V3 is presented in the form 



i(ri,r2,r 1 ,r 2 ) = / — 

J TX 



1 _ ri r 20 \ 

2 ™* 2 ™* 2 / 
/10 '10'20/ 



^3(^1, r Q ,fl,fl) + 



1 _ ^LO^oA 
2 (vt* 2 ,Ct* 2 / 

,'20 '10' 20/ 



X 



V 3 (fi , f , f{, f 2 ) - V 3 (rl , f 2 , r/, r 2 ) j - ^- [ V 3 (n , f 2 , r/, f ) 



02' 

-5— r y 3 (r 1 ,r 2 ,r 1 ,r 2 ) 

' I'd' 2'0 



01' 
^2' 



(42) 



Note that each of the J, F, / functions independently turns into zero at r 12 = 0. In contrast to 
the function F, which is given explicitly by Eq. (14 lft . the functions J and I are expressed in 
terms of the integrals ( 1401) and ( 1421) . respectively. The integrals are not very intricate, although 
their calculation is complicated by the ultraviolet divergences existing in separate terms. The 
integrands in (140"]) and fj42|) are written in such a way so as to make the cancellation evident. The 
results of the integration (which can be performed by the method described in the Appendix) 
are very simple: 



J(n,r 2 ,r 2 ) 



'2(fi 2 /r 2r 

iy* 2 m 2 

, '12' '22' 



hi 



12' 



12' 



12 



hi 



22' 



12 



In 2 



22' 



12' 



12 



(43) 



and 



I(f 1} f 2} f(,f 2 ) 



if? 2 

' 1'2' 



riyf 22') ln / r&rffy 



,vi* 2 «•* 2 
' 11'' 22 



l^22'^21', 

/v>* 2 /Ct* 2 

' 22'' 21' 



In 



12 



21' 



+ 



\ r 12 r 12' 
(^12' ^21') 



2 vi* 2 
' 12'' 21' 



hi 



+ ^?pln 

' 11'' 12' 

/ rr* 2 CT* 2 \ \ 

'11' '22' \ \ 



' 12'' 12 
,^li' r 22' 



/>i* 2 /Cj* 2 
/l2' 1'2' 



(44) 



Note that the property of turning into zero at r 12 = is conserved after integration. Thus, the 
Mobius form of the commutator given by Eqs. ( l39|) . ( 14TI) . ( 1431) and ( I4"4l) is rather simple and 
does not contain special functions. Having this form one can find the complete commutator in 



the momentum space (qi,q 2 \a s 
write it in the form 



KS B \ U \q±, q 2 ) according to the prescriptions of Ref. [13] . We 



ll,Q2\Ols 



i n 2 N 2 



+ F{q 2 , q 2 ; k) + J (q 2 , q 2 ] k) + I(q 2 , q 2 ; k) + q\ <-» -q 2 
Here R(q\, q 2 ; k) is given by Eq. ([8]) and 



(45) 



F(qi,q 2 ;k) = - < 

IX J Z7T Z7T 



,/n ' ' ( ' r22 ' drvve^&^'-Wv'+fri'^Ffr, f 2 , f/, f 2 ') > 



1 In £ In^ 2 ' 



2A; : 



v9i 



/2 



.12 



12 



(qik) 
q 2 k 2 
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In these equalities the symbols < > mean adding to the direct Fourier transform terms that 

depend only on q\ and qi (and do not depend on k) and terms that are antisymmetric with 
respect to the substitution qi <r» — q 2 . These terms are fixed by the requirement of the gauge 
invariance and the symmetry of the kernel, according to Ref. [T5] . 

Equalities fH6|) - (|48|) can be derived using formulas given in the Appendices of Ref. [8] and 
of the present paper. The substitution of these equalities in Eq. (H5|) gives the same result as 
Eq. ([33]). 

4 Conclusion 

The simplicity of the Mobius form of the quasi-conformal NLO BFKL kernel suggested to use 
just this form for finding the kernel in the momentum space. The way to do that was not 
evident, and even the possibility to do it seemed doubtful, because the Mobius form is defined 
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on a special class of functions in the coordinate space. However, it was shown [TJ] that such 
possibility exists due to the gauge invariance of the kernel and the way to obtain the kernel in 
the momentum space from its Mobius form was elaborated. But technically obtaining it turned 
out to be not easy. 

In this paper we found in the momentum space the difference between the standard BFKL 
kernel, defined according to the prescriptions given in Ref. [12] and calculated in Ref. [3], and 
the quasi- conf or mal BFKL kernel. This difference turned out to be rather simple. The most 
natural conclusion is that the simplicity of the Mobius form of the quasi- conf ormal kernel is 
caused mainly by using the impact parameter space. The other possibility is that the quasi- 
conformal kernel can be written in simple form also in the transverse momentum space. If this 
is true, the standard kernel of Ref. [5J could result itself in a much simpler form. We plan to 
check this possibility using both the representation of Ref. [3] and the representation in terms 
of integrals in the transverse momentum space of Ref. [17] . 
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Appendix 



The two-dimensional integrals of Section [2] were calculated choosing appropriate integration 
vectors and performing firstly the integration over azimuthal angles. It is convenient to make 
this integration using "helical" vector components "±" instead of the Cartesian ones u x,y v , 
= a x ±ia y . Denoting the integration vector as I, we have = Ze ±l<ji , where <f> is its azimuthal 
angle and I is its modulus. The integration over can be performed using the representation 
2(a — l){b — I) = (a + — l + )(b~ — l~) + (a~ — l~)(b + — l + ) and the expansion of the integrands in 
positive or negative powers of ^ at various values of I. Thus one can easily obtain 

T d ± \n(a-f) 2 = 6(a 2 -l 2 )\na 2 + 6(d 2 -l 2 )\nl 2 , (A.l) 
J-tt 2ix 

d<f> 1 6(a 2 -l 2 ) 



7r 2-7T a ± — l± a ± 



(A.2) 



I _9{d 2 -l 2 ) | 6jl 2 -b 2 ) ^ (A3) 



2tt ( a ±-Z±)(6=F-Z=F) aH^-l 2 I 2 - a±&T 
In particular, one has from Eq. (1A.3I) 



J-,2n /2(a_/)2 1 12 

d A 2((a-j))(6- Z)) = , 2 _ f _ p _ f 2 ) / L_ + L_^| . (A.4) 

-,2n {a-lfib-lf V J \a+b--l 2 a -b+-l 2 J 

The result (Tl5|) follows from Eqs. flA.lj) and flA.4j) with the subsequent elementary integration 



over I. Since the integral consists of several terms, which are not ultraviolet convergent when 
taken separately, it is convenient to calculate them introducing an ultraviolet cut-off A. Using 
Eq. (|A.4p . one can also easily obtain 



dl / (l(a-l)) (Kb -I)) 



- \l 2 (a-l) 2 l 2 (b-l) 2 ! w 2 



In — , (A.5) 



that gives the result (pi 

Though we use the ultraviolet cut-off A (which is supposed tending to infinity) for separate 
integrals, it is possible to shift the integration vectors in them, since these integrals have only 
logarithmic divergence. Therefore, with an appropriate choice of /, in all integrals of Section |2] 
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the integration over can be performed using Eqs. ( ]A.2j) and ( ]A.3j) . But sometimes it is more 
convenient to use Eq. (lA.ip as, for example, in the integral 



^0(A 2 -f 2 )_L^_ 
vr (a — I) 2 



In 



^^(A 2 -r 2 )ii n ^5! 



7T 



Using Eq. ( 1A.3[) . we obtain: 
dl 1 1 



7T (a-l)+ (6-1)- 



ln(^(A 2 -f 2 ) = iln 



A 2 



+ ' h [M!) h (e: l + 



v(a-6) 2 / 
a + 6~ — a~6 + 



In 



A 2 (a-6> 



3,-6 ' 



(A.6) 



(A.7) 



where I g g is defined in Eq. (J2"5j) (see also Eqs. f[2~Tj) and fl2SJ)). In fact, all integrals of Section [2] 
can be calculated using this one. In particular, the integral (IA.6[) can be obtained from the 
integral (1A.7|) as the limit b — > a at fi 2 = a 2 . The integrals ( 1A.4j) and (1A.5|) also can be found 



using the part of the integral (1A.7|) proportional to In /i 2 . We find also 
dl 2 



vr (d-l) 2 {b-l) 2 l " 2 



(a-6) 2 V6 2 / 



, q [(Q- & ) x gjjjjj j 



(a-6) 2 

df (c - f) 2((a - f)(6 - 5) ln / T 2 ' 



a,-b ' 



+-ln — In 



(a-c) 1 



2 U 2 / 



(g-6) 
(c - 6) 2 

a-6) 2 



. U 2 / V(6-a) 2 
(c — a) 



x ln 



£z3i| + rin[^|h, 

(a-6) 2 / 2 V& 2 



r - \ , / (b - r')" 



— a 



"'7 



c • 



[(c - 6) x [a x 6]] [(c - a) x [6 x a]] \ [(c - b) x [cx a]] 

(c-6) 2 (c-a) 2 J (c_6)2 



+ 



[(c — a) x [c x 6]] 



c — a 



l c,-b • 



(A. 



(A.9) 
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The result ffMty for Fi(q%, <f 2 ; k) was obtained using Eqs. ( TTo^) . f]A.8|) and (IA.9[) with its particular 
cases, such as 



dl (a — I) 2(/(6 — 0) ln M~ 



7T 



(a-/) 2 l 2 (b-l) 2 W 2(5-6)i 



i_li n | g2fc2 ^ ln ^ (a-fe) 2 ] _ [ax [ax 6]^ 



a,—b 



To obtain ^(gl, q2',k), Eq. ff29]) . we used 



2((q-Z3(b-Z)) ^ /f 2 
(a-f) 2 (b-f) 2 U 2 



A 2 (a-6) ; 



r^-' v: ,.:.v r.:> i-i ■ -i-^r— i - 



A 2 



Xd-bf 



(A.10) 



+ ln 



ln 



(a-b) 2 J \(a~b) 2 
1 



dZ 1 2((a - l)(b - l)) Uc-l) 2 
7T f 2 (a-f) 2 (6-T) 2 11 \ c 2 / o 2 /> - 



(A.ll) 



a&) ln 



(r - '/J - \ , / (c- 6) 2 



In 



-In ^ I In 



-InlMln'^ 2 



+2([ax 6] [a x c])/ ff ,_ ? + 2([a x b)[cx b])h b _ s 
+2([ax|(a-c>(6-#_ n 



(A.12) 



in particular, 



1 



cZ/ 1 2(Z(6-Q) /_P 
^(a-f) 2 l 2 {b-f) 2 n l^ 2 / a 2 (a-6) 2 



-2[ax6] 2 / s _^ 
and Eq. flA.9[) with its particular cases flA.lOp and 



(ct(a — 6)) ln I — J ln 



{d-bf 



(A.13) 



dl I 2{{a-l){b-l)) ln f /_ 
7T 1^ (a-f) 2 (6-f) 2 n U 2 / 6 : 



.A* 



\b-af 
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111 



.b 2 



+ 



o 2 

2 



In — In 



(d-o) s 



1 . 
+ -ln 
2 



(a - o) 5 



In 



+ 



[b x [ax 6]] [ax [ox a]] 



a,—b 



(A.14) 



The result ([3D]) for F 3 (q\,q 2 ;k) can be obtained using Eqs. ([Oil . (TP3l) . f lAlil) . 



dZ 1 



In 



(6-f) 2 (d-6-f) s 



7r/ 2 (d-/) 2 v b 2 (a-by 



In 2 



(d-6) ; 



(A.15) 



and 



d/ #(A 2 -/ 2 ) /2((d- l)(b-l)) 2{{a-c){b-c)) 



- 2- 



7T 



(c-Z) 2 \ (a-/) 2 (6-/) 2 (a-c) 2 ^-^^ 



In 



1_ 2 



(( g _g)( 6 _g)) 

(d-c) 2 ^-^ 2 



In 



A 2 



.(d-6)' 



111 



A 2 (a-o)< 



In 



-In 



A 2 



(a-c) 2 , 

A 2 \ 
(c-o) 2 J 



In 



In 



'A 2 (a-c)' 
A 2 (c-b) 2 



In 



-In 



f In 

(d-c) 2 ' 



(d-6) 2 \ Ma -6) 



In 



In 



(a- cj s 



(c-b) 2 \ ln ((c-b) 



+ 2 



[ (g-g)x(6-g)] 
(a-c) 2 (6-c) 2 
Let us present also the integral 



([d x 6)/ 3 _g - [a x c1I 3i _ ? - [c x o]/^ 



(A.16) 



tfl 2 k{b- 1)^ (1* 
^ {a- I) 2 I 2 {b- If 



bj(a - b)j + (a - b)jbj - 5jj(b(a - b)) f 

2b 2 {a-b) 2 n U 2 , 



x In 



(a — 6) 2 ^ | btdj - dibj + 5ij(a(a — b)) (^ 2 \\ ( ~~ ) 



a,—b 



(a -by 



2d 2 (d-6) 2 

x fj- ([6 x [a x o]]j(d— 6)j + (a — x [d x — <%([& x [ax b]](a — &))) 
+ ^ ((d — 6)j[d x [a x — [a x [ax 6]] £ (a — — ([a x [a x o]](a — 6)) 



(A.17) 
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which is more general than the integral (lA.lOp and can appear in decompositions of the inte- 
grands for Fi different from ours, and the integrals 

dl2 ( {a- I) f(b-T) b\ \ (l 2 \ _ jab) ( a 2 b 2 ^ 



7r Z 2 \(a-l) 2 \{b- I) 2 b 2 )) \q 2 ) a 2 b 2 \ <? 4 j \{a - bf 

2\a x b] 2 , . , 



nl 2 \(b-l) 2 b 2 ) \ I 2 ) b 2 \b 2 J \(a-by 

+ 2 li£P£l (A . 19) 



which also can be useful. 
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